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Abstract
In this paper we study geometric aspects of Riemannian manifolds for which the identity is an
"-equilibrium map for suciently small " > 0.
We mainly prove that connected Riemannian manifolds for which the identity is an "-equilibrium
map for suciently small " > 0 are ball-homogeneous. In the analytic case we give a characteri-
zation of these manifolds in terms of Euclidean Laplacian and derive some necessary conditions
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1 Introduction
In his paper \Equilibrium maps between metric spaces" ([J]), J. Jost dened "-equilibrium
maps using the notion of center of mass and considering measures with supports contained in
convex balls (for example, suciently small balls), or maps with images in simply connected
and nonpositive curved manifolds. He proved that "-equilibrium maps are also critical points of
the "-energy functional.
We consider in the denition of Jost a family of measures induced from the volume element and
we examine Riemannian manifolds for which the identity is an "-equilibrium map w.r.t. this
family of measures.
Let (M; g) be a compact Riemannian manifold and " > 0 a real number suciently small.
Let  be the volume element on (M; g) and B(x; ") the ball with center x 2 M and radius ".
Consider the measure 
"
x
equal to  on B(x; ") and to zero on M n B(x; ").
We say that (M; g) satises or has the property (I
"
) if each point x 2M is center of mass of the




Equivalently (M; g) has the property (I
"
) if






y d(y) = 0 :







y d(y) 2 T
x
M :













H(x; ") = r
@
@"
m^(x; ") () ;
where m^(x; ") is the volume of the ball B(x; ") and r denotes the gradient operator w.r.t. x.
We deduce from () that if (M; g) is connected and has the property (I
"
) for suciently small
" > 0, then for every point x 2 M the volume of the ball B(x; ") depends only on the radius "
and not on the center x; i.e. (M; g) is ball-homogeneous.
Let  be the volume density function of (M; g). Consider for y 2 M the vectoreld V
y
dened




























at the point x.
Let Ric be the tensor of Ricci of (M; g). Assuming (M; g) analytic and satisfying the property
(I
"









)(x) = 0 8x 2M and 8y 2 B(x; ") ;
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which can be interpreted as a local and weak harmonicity property for the manifold (M; g).
In the next section we present a quick review on the notions of center of mass and of equilibrium
maps. The third section is devoted to the study of geometric consequences of the property (I
"
)
for the manifolds which satisfy it.
2 Preliminaries
2.1 Center of mass of a map w.r.t. a measure
Let 
 be a nite set of points or a compact Riemannian manifold,  a measure dened on 
 (we
can suppose (
) = 1) and (M; g) a complete Riemannian manifold. Let f : (
; )  ! (M; g)
be a map such that f(
) is contained in a ball B
%
of M and P
f












(x; f(y)) d(y) ;

















is strictly convex. It follows
that P
f
admits a unique minimum at a point in B
%
. This point is called the center of mass of















f(y) d(y) = 0 :
2.1.2 Example:
Let M = R
n
and f : (
; )  ! R
n













where k k denote the euclidean norm on R
n








The following result permits a good location of c
f
.
Assume that the sectional curvature of M is bounded from below by  and from above by .















We nish this paragraph with some invariance properties of the center of mass:
Let f : (
; )  ! M be a measurable map with image contained in a convex ball of M ,
 :M  !M be an isometry and  : 
  ! 
 be a volume-preserving transformation.











We refer to [K] for more details about center of mass.
2.2 Equilibrium maps
Let (M; g) be a compact Riemannian manifold and  a measure on M .
Suppose that for every point x 2 M and every real number " > 0, there exists a measure 
"
x





of measures satises the following symmetry property:

















Let N be a compact and geodesically complete Riemannian manifold, i.e. any two points p and
q of N may be connected by a geodesic arc with length equal to the distance between p and q.
A map f : M  ! N is said to be an "-equilibrium map if for any x 2 M , f(x) is the center of



























(y) and d denotes the distance function on N .
Equivalently f is an "-equilibrium map if:









(y) = 0 :
Consider the "-energy E
"



























is the "-energy density of f at the point x.
It holds:
Proposition 2.2.1 ([J])
Assume (S) and E
"
(f) <1. Then
f is an "-equilibrium map if and only if it is a critical point of the "-energy functional E
"
.
We refer to [J] for more information about equilibrium maps between metric spaces.
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3 Riemannian manifolds for which the identity is an equilibrium
map
Let (M; g) be a compact and geodesically complete Riemannian manifold and  the Riemannian
measure on (M; g). For x 2 M and " > 0 suciently small we put 
"
x




:= 0 on M n B(x; "), where B(x; ") the ball with center x and radius ".
For radii " suciently small, the balls B(x; ") are convex. Then the minimum in M of the













(q; y) d(y) exists and is unique. Although the
identity map has not its image in a convex ball as required in the denition of center of mass,





We say that a compact and geodesically complete Riemannian manifold has the property (I
"
),





of measures. Equivalently a
compact and geodesically complete Riemannian manifold (M; g) has the property (I
"












(q; y) d(y) :
This means that:






y d(y) = 0 (I
"
) :
As we are going to see, compact Riemannian manifolds with volume-preserving geodesic sym-
metries satisfy the property (I
"
) for suciently small " > 0.
Let (M; g) be a Riemannian manifold and x 2 M . For any point y 2 M we put y = exp
x
(ru),
where r is the geodesic distance between x and y and u the unit vector tangent at x to the
minimal geodesic joining x and y.
The geodesic symmetry at the point x is the map s
x







( ru). We have the following
Proposition 3.1
Let (M; g) be a compact Riemannian manifold. If for every point x 2 M the geodesic symme-
try at x is volume-preserving, then (M; g) has the property (I
"
) for " > 0 satisfying 0 < " 
inf(Inj(M); Conv(M)), where Inj(M) and Conv(M) are the injectivity and the convexity ra-
dius of M respectively.
Proof
Let (M; g) be a compact Riemannian manifold, x 2 M and " a real number satisfying 0 < " 
inf(Inj(M); Conv(M)).
The real number " > 0 being smaller than the injectivity radius of M , the inverse of the expo-




























(d) is the volume element on T
x
M induced by the exponential map.
Now we suppose that (M; g) has volume-preserving geodesic symmetries.
Then the volume density function 
x










is the geodesic symmetry at the point x.











































The real number " > 0 being smaller than the convexity radius of M , the ball B(x; ") is convex.









It follows that the point x is the center of mass w.r.t. the measure 
"
x
of the identity map.
q.e.d.
Riemannian manifolds with volume-preserving geodesic symmetries are called d'Atri spaces (see
[KPV]). Compact locally symmetric spaces and compact Riemannian manifolds with radial vol-
ume density functions, the so-called harmonic manifolds (see [Bes] for more details), are also
examples of Riemannian manifolds satisfying the property (I
"
).






















satisfy the property (I
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) has also the property (I
"
) for every " > 0 suciently small.
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Proof












) be a point of M , X and Y two vectors in
T
x



























), and we have












































































































































































































































































































































) satisfy the property (I
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y (dy) = 0 8x 2M :
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This proves the theorem. q.e.d.
Consider for x 2M , the map 
x
















(y) d(y) = 0 8 x 2M :
This means that the mean value of 
x






), is for every x 2 M equal
to zero.
Let  be the volume density function of (M; g). We have the following characterization in
the analytic case:
Proposition 3.2
Let (M; g) be an n-dimensional analytic Riemannian manifold.
(M; g) has the property (I
"














































The proof of this proposition uses the following result:
Lemma 3.1 ([Gr])
Let f be an analytic function on M . The non-normalized mean-value of f on the sphere S(x; r)
with center x and radius r can be written as follows :
Z
S(x;r)























where  is the induced Riemannian measure on S(x; r).
Proof of Proposition 3.2














































It follows that (M; g) satises the property (I
"
























)(x) = 0 8 " > 0 suciently small and 8 x 2M :







)(x) = 0 8 k 2 N and 8 x 2M :
Hence the result. q.e.d.
Let Ric and  be the Ricci tensor and the scalar curvature of (M; g) respectively. We have
Proposition 3.3
Let (M; g) be an analytic Riemannian manifold.
If (M; g) has the property (I
"
) for every " > 0 suciently small, then:
(i) (
x
)(x) = 0 8 x 2M ;
where  is the the ordinary Laplace-Beltrami operator of (M; g).




;Ric > (x) + 3 < r
x
;r > (x) = 0 8 x 2M :
For the proof of this proposition, we need the following result
Lemma 3.2 ([Gr])

































f   2 < r
2




Proof of Proposition 3.3
Assume that (M; g) has the property (I
"






) = 0 for suciently small " > 0 and all x 2M :







































(n+ 2)(x) = 0 and B

x
(n+ 2)(x) = 0 8 x 2M :
This proves the result. q.e.d.







y d(y) 2 T
x
M :
In the following we compute the variations of H(x; :) w.r.t. ".
Consider  2 C
1
(M) and a function h : R
+















 (z) d(z)dt ;
where d is the induced Riemannian measure on the sphere S(x; t).















 (y) d(y))dt :













[t;  ])dt (i) ;
where M
x
[t;  ] is the non-normalized mean-value of the function  on the sphere S(x; t).
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t;  ]dt ;
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(x; :) ] :

















where m^(x; ") is the volume of the ball B(x; ") with center x and radius ".
From the variations of H(x; :) we get the following ball-homogeneity result
Theorem 3.2
Let (M; g) be a connected Riemannian manifold.
If (M; g) satises the property (I
"
) for every suciently small " > 0, then m(x; ") and m^(x; ")
are independent of the point x 2 M , where m(x; ") and m^(x; ") are the volumes of the sphere
S(x; ") and of the ball B(x; ") respectively.
Proof

















If (M; g) has the property (I
"













m^(x; ") = 0 :




m^(x; ") = const 8 x 2M :
Hence m(x; ") and m^(x; ") are independent of the point x 2M . q.e.d.
As a consequence of theorem 3.2 we have:
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Corollary 3.1
Let (M; g) be an n-dimensional analytic Riemannian manifold satisfying the property (I
"
) for
every " > 0 suciently small. Then the scalar curvature of (M; g) is constant.
Proof
Suppose (M; g) analytic and satisfying (I
"
) for every " > 0 suciently small.
Then by theorem 3.2 the volume m^(x; ") of the ball with center x 2M and radius " is indepen-
dent of the point x.
Otherwise the volume m^(x; ") admits the following expansion (see [GV]):












(") denotes the volume of an n-dimensional Euclidean ball of radius " and  the scalar
curvature of (M; g).
It follows that when (M; g) satises (I
"
) for every " > 0 suciently small, then the scalar cur-
vature  have to be globally constant on M . q.e.d.
In the following we examine some consequences of the property (I
"
) on the Lie derivative of the
volume density function. We have:
Theorem 3.3
Let (M; g) be an n-dimensional manifold. We put ! := 
2
= det g.























For the proof we need the following result
Lemma 3.3 ([EL], p.30-31)









(!) denotes the Lie derivative of ! in the direction of X.
Proof of Theorem 3.3
For y 2M , consider the vectoreld V
y






































The divergence of V
y




























!)(x) d(y) = 0 :
Hence the result. q.e.d.
From Theorem 3.3 and using the asymptotic expansion of the volume density (see [CV]), we get
the following \local and weak harmonicity" property for the manifold:
Corollary 3.2
Let (M; g) be an analytic connected Riemannian manifold. Suppose that there exists a constant
 > 0 such that Ric   or Ric   .






!)(x) = 0 ;
for every x 2M and every y 2 B(x; ").
Proof
For any point y suciently closed to x, we put y = exp
x
ru, where u is the unit vector tangent
to the minimal geodesic joining x and y and r the distance between x and y.
The asymptotic expansion of ! at the point y is given for suciently small r by (see [CV]):







































































= < grad r
2
; u >
= < 2 exp
 1
x
y ; u >



















































depends on r, on u, on curvature terms and their covariant derivatives.
For suciently small r the term
2
3








































 0 8 y 2 B(x; ") : ()
If now (M; g) satises the property (I
"




!)(x) = 0 8x 2M and 8y 2 B(x; ") :
Use an analogous method in the case Ric   .
This proves the result. q.e.d.
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